The hydrodynamics of a multicomponent mixture of magnetic and nonmagnetic particles is investigated. The hydrodynamic modes spectrum is obtained. It is shown that two collective modes are responsible for the propagation of sound while the other ones ( j − 2 modes, where j is determined by the number of additive integrals of motion) are purely diffusive. The analytical expressions for all the hydrodynamic time correlation functions are derived and written via the well-defined thermodynamical quantities and transport coefficients of the system. Based on this, the expressions for the dynamical structure factors for a binary magnetic mixture in the paramagnetic state and for a three-component nonmagnetic mixture are derived.
Introduction
Magnetic liquids, mixtures of magnetic and nonmagnetic particles in the external fields of mechanical or electromagnetic origin, have already taken their significant place in chemical, electronic and other modern technologies. The recent experimental investigations [1] have already proved the existence of a ferromagnetic phase in a supercooled liquid alloy Co 80 -Pd 20 . Similar results were obtained previously for an alloy Au-Co [2] [3] [4] with Heisenberg exchange interaction. Description of spin relaxation in liquids [5] , investigations of the dynamics of ferrocolloid systems [6] [7] [8] , dynamical properties of polar liquids [9] [10] [11] , surface absorption dynamics [11, 12] , etc, still need rigorous theoretical explanation.
The statistical hydrodynamics for a mixture of magnetic and non-magnetic particles in a non-homogeneous external magnetic field has been presented in [13, 14] . Using the method of non-equilibrium statistical operator [15, 16] , the generalized hydrodynamic equations, valid for describing both strong and weak non-equilibrium states, are derived herein. To study weak non-equilibrium processes, the linearized equations of molecular hydrodynamics and the equations for time correlations functions were found, and corresponding memory functions were analyzed.
The goal of this paper is to investigate the hydrodynamic region of wave number k and frequency ω, using the results obtained in [13, 14] . The peculiarity of the proposed approach is that the results are presented for a more general case of a multicomponent mixture which includes an arbitrary number of magnetic and nonmagnetic components. In section 3 the hydrodynamic modes spectrum is found. Time dependent correlation functions are analyzed in section 4, where the analytical expressions for weight coefficients describing contributions of each mode to time correlation functions are given. The subsequent sections are devoted to the analysis of particular cases of mixtures. In sections 6 and 7, the cases of binary magnetic mixture and three-component nonmagnetic mixture are analyzed. The hydrodynamic modes spectrum, expressions for dynamical structure factors and magnetic structure factor (for a binary magnetic mixture) are written via the thermodynamical parameters and transport coefficients.
Equations of molecular hydrodynamics
Let us consider a general case of multicomponent liquid mixture in hydrodynamic limit with an arbitrary number of magnetic and nonmagnetic components [17] [18] [19] . The results obtained will be applied for particular cases of simple, binary ferromagnetic liquid, three-component mixture of simple fluids. While studying the dynamics of such a generalized multicomponent magnetic mixture (GMMM), we will use the method of nonequilibrium statistical operator [15, 16] , so that an appropriate set of parameters of abbreviated description (also called "relevant variables") has to be chosen. These parameters, averages of which are expected to describe the dynamics of the system most adequately, should include the densities of all the conserved quantities. Considering an m 1 -component magnetic mixture (m 1 is number of both magnetic and nonmagnetic species), we introduce the first portion of the relevant parameters as the Fourier-transforms of microscopical densities of particle numbers
j . The next two parameters are the densities of total momentump(k) and the enthalpyĥ(k) which is related to the energy density [17] . The last portion of the parameters of the abbreviated description which correspond to the spin subsystem, can be chosen as densities of partial magnetizationsŝ 1 (k), . . .,ŝ m 2 (k), where m 2 is the number of magnetic components, if the operators of partial magnetizationsŜ i (=ŝ i (k = 0)) commute with the Hamiltonian of the system considered. Otherwise, the parameters of the abbre-viated description should be chosen as some of them which are conserved (commute with Hamiltonian) when k = 0. So, let m 2 will be the member of these variables, connected with the spin subsystem. Performing the orthogonalization procedure (see [19] ) for the set of variables listed above, we get the set of m + 2 parameters of the abbreviated description:
where m = m 1 + m 2 . Considering a GMMM in the hydrodynamic state, for small deviations of the system from an equilibrium, we can write the equations of molecular hydrodynamics in the matrix form [17] as follows:
The Laplace transforms of the time correlation functions,F (k, z), satisfy the equation
with z = iω + ε and ε = +0, where iΩ(k) andΦ(k, z) are the (m + 2)×(m + 2) matrices of frequencies and of memory functions, respectively, defined as follows:
Here iL is a Liouville operator of the system and P is a projection Mori operator which obeys:
and (Â,B) denotes a correlation function:
where . . . is an average with respect to the equilibrium Gibbs distribution ρ 0 , and Y (k) is the parameters of the abbreviated description column vector. The static correlations function matrixF
in the right-hand side of (3) for the orthogonalized parameters of the abbreviated description (1), has a quasi-diagonal structure [19] .
Due to conservation of the parameters of the abbreviated description, the frequency matrix (4) in hydrodynamic approximation is linear with respect to k, while the matrix of the memory functions is of order k 2 . Hence:
where frequency matrixν and matrix of memory functionsφ for the special choice of the parameters of the abbreviated description (1) have the following structure [19] :ν
The index '1' in (9) corresponds to the momentum variablep(k) in the set (1) . We note that all the nonzero elements of matricesν andφ can be expressed [19] via the thermodynamical parameters and transport coefficients defined by Green-Cubo formulas, respectively.
Hydrodynamic collective modes
The hydrodynamic excitation spectrum for a GMMM can be found from the eigenvalues problem for the hydrodynamic matrixT H = iΩ −Φ. As it follows from (8), the value ik may be considered as a small parameter. Thus, for the eigenvalues {Z i } we are looking for solutions in the form of series:
Note that terms of (ik) l with l > 2 are not significant, as we are restricted to the hydrodynamic range.
The coefficients λ i , which are responsible for the propagation processes in a GMMM, can be easily found as eigenvalues of matrixν. They are:
where λ 0 is an m times degenerated solution and v s is the sound velocity given by:
where Sp (...) denotes the trace of the matrix. Thus, we see that in a GMMM there exists only one propagation process connected with sound excitations. The other ones are purely diffusive when k is small enough. In the next approximation for eigenvalues Z i (see (10) ), the damping coefficients of collective modes can be found. For the sound modes they are:
The other damping coefficients {D i }, corresponding to eigenvalue λ 0 , can be obtained from the m-th order algebraic equation which reads:
Finally, we conclude that hydrodynamic modes spectrum (10) is given by two conjugated sound propagation modes
and by m purely diffusive modes
where all coefficients are defined by equations (12), (13) and (14).
Time-dependent correlation functions
The formal solution for spectral functionsF (k, z) can be found from (3)
From the matrix theory [20] one gets for M(z) the following representation
where Z i are the eigenvalues (15), (16) of matrixT H andG i are the so-called weight coefficients. The formula (18) is a particular case of a more general expression
which is valid for an arbitrary analytical function f (x). This last result can be easily proved using the properties of the matrixT H . The weight coefficientsG i can be also presented as power series in (ik):
Note that the higher order terms (starting from quadratic one) are not important for the hydrodynamic domain of k.
For calculations of the weight coefficients we used the representation (19) for different choices of f (x). After some algebra we find:
Finally, taking into account equations (18), (20), (15), (16), we obtain spectral functions of the system considered
Simple fluid
Let us now apply the results obtained above to the case of a one-component fluid, being described by three parameters of the abbreviated description {n(k), p(k),ĥ(k)}. In this case, the matrices of frequenciesν and of the memory functions ϕ areν
where n = N/V and ρ = m/V are the concentration and the mass density, η l = L pp = 4 3 η + ξ and λ = L hh /T are a longitudinal viscosity and thermoconductivity, respectively.
For the sound velocity, sound damping coefficient and damping coefficient of the heat mode we have found the well-known results [21] :
where all the thermodynamical quantities in (28)-(30) are defined as follows:
and are the isothermal compressibility κ T , isobaric thermal expansion coefficient α p , specific heat c V and c P at constant volume, and constant pressure, respectively.
Performing simple calculations using the equations (21)- (26) we obtain for the hydrodynamic spectral functions the results known in the literature [21] . For instance, the dynamic structure factor is given by the generalized Landau-Placek formula:
Paramagnetic mixture of magnetic and nonmagnetic particles
Let us now consider a binary mixture of magnetic and non-magnetic particles with the following parameters of abbreviated description
The frequency matrixν for this case is [19] 
where ξ = 1 + π 2 /(χ·κ T ) and
are the magnetic susceptibility χ, coefficient of magnetostriction π p , partial concentration c i and partial molar volume per molecule in the i-th species, respectively. All other themodynamic parameters are the same as in (31)- (33) and h is an external magnetic field. The matrix of the memory functions has a form opposite to that ofν (see equation (9)) with elements which can be expressed via the transport coefficients
For the paramagnetic case, in which we are interested, we have
forŶ =ŝ.
From the expression (12) (see also [19] ) it can be proved that the sound velocity is proportional to the inverse adiabatic compressibility defined in the ensemble with constant magnetization and number of particles, namely
whereM = N 1 m m + N 2 m n , V , ρ, P are a mass, volume, mass density and pressure of the system, respectively; m m and m n are the masses of particles of magnetic and nonmagnetic species. The sound damping coefficient (13) is given by:
where index 'p' in ν p,i , ν j,p stands for the momentum variable. Equation (14) for the damping coefficients of the diffusive modes can be easily factorized, and we have:
where
are the spin diffusion, mutual diffusion and thermo-diffusion coefficients, respectively, and
Performing some algebra, we can also calculate all the spectral functions with weight coefficients given by (21)-(26).
Taking into account the expressions for the static structure factors
and introducing the following notations:
where small Latin indices take the values {1, 2} (or variables {n 1 ,n 2 }) and subscript 'h' corresponds to the heat mode, we get for the ij-th partial dynamical structure factor the following expression:
where L ij are the mutual diffusion coefficients, L ih are the thermodiffusion coefficients, η l = L pp = 4 3 η + ξ is a longitudinal viscosity, L hh is a coefficient of thermoconductivity. No spin contribution to S n 1 ,n 1 (k, ω) is found, as it should be expected [22] .
It can be easily proved that the weight coefficientsg i 1 (see (24) ) for the diffusive modes will be nonzero only for the spectral functions which involve the momentum density as one of their variables. Thus, for example, from two Fourier-transforms F p,p (k, ω) and F p,h (k, ω) of the time correlation functions, only the second one will have a non-zero linear contributions from the diffusive modes:
The expressions for (g µ 1 ) p,h with µ = 2, 3 are too complicated and will be given elsewhere [23] .
Because of properties (40), the spin-spin dynamical structure factor can be easily calculated and has the simple form
It is worth noticing here that the other spectral functions, constructed on the variables {n 1 , n 2 , p, h}, have got the expressions similar to the ones known for a binary mixture of simple liquids [24, 25] .
Three-component mixture of non-magnetic particles
The case of a three-component non-magnetic fluid is very similar to the previous one. It is described by 5 parameters of the abbreviated description {p;n 1 ,n 2 ,n 3 ;ĥ}, which are the densities of the momentum, the partial densities of particles, and the enthalpy, respectively. Here and further all the Latin indices will take the values {2, 3, 4} (or variables {n 1 , n 2 , n 3 }). The sound damping coefficient Γ as well as other damping coefficients D i for this case can be derived from the expressions (13) and (14) . The static correlation functions S ij and the elements of the frequency matrix ν p,i , ν i,p , with i = 2, 3, 4 are in fact the generalizations of what is found for the previous case (see (36) , (45)). Considering the first approximations for the matrix of the weight coefficients (24) , (26) we can conclude that they have the same structure as matrixν and thus will give no contribution to the dynamical structure factors.
The dynamical structure factors for a three-component mixture can be written as follows:
and γ k , γ H are given by the (47). For example, the weight coefficient G 1 ij with µ = 1 can be written as follows: In conclusion, we note that the results obtained in this paper:
• are valid in the hydrodynamic range of wave numbers k and frequencies ω;
• are quite general to be applied for an arbitrary mixture of simple liquids or mixture of magnetic and nonmagnetic particles.
In the last case it is important that the spin-spin interactions should be isotropic and depend only on the distance between particles. To illustrate, we considered three different cases of model systems (simple liquid, a binary mixture of magnetic and nonmagnetic particles, and a three-component mixture of simple fluids). It was shown that the results known in the literature for a simple liquid and a binary mixture can be easily reproduced in our approach. The results found for a threecomponent mixture have been obtained for the first time and can be especially useful for the interpretation of scattering experiments.
